The inverse problem of the determination of boundary defects in a planar conductor by a nite number of electrostatic measurements on the boundary is considered. Uniqueness results and stability estimates are proved under essentially minimal regularity assumptions on the data. Finally, Lipschitz estimates for the determination of surface linear cracks are developed.
Introduction
Given a body with known background electrical conductivity A = A(x) we shall study the inverse problem consisting in the determination of defects, like fractures (cracks) or material loss, reaching the boundary of the body by electrostatic measurements on the boundary. We are interested in the uniqueness and stability issue for this class of inverse boundary-value problems.
The mathematical study of this kind of inverse problems was initiated by A. Friedman and M. Vogelius, 18] , who proved a uniqueness result for the determination of a single interior crack in a planar conductor by two electrostatic measurements on the boundary. Uniqueness for the determination of many interior cracks has been investigated by di erent authors, see 15, 5, 20] . Stability estimates for the determination of a single interior crack have been obtained by G. Alessandrini, 1, 2] , and have been generalized in 8], under essentially minimal regularity assumptions on the data. See also 4] for a Lipschitz stability estimate for linear cracks. We would also like to remind that in 6] a study for the 3-dimensional case has been developed.
Concerning fractures reaching the boundary, usually named surface-breaking cracks, uniqueness results have been obtained in 17] and 10]. For the stability issue there are some partial results in 10], but up to our knowledge no explicit estimate has ever been produced.
The material loss defects determination problem can be used to model either detection by electrostatic measurements of corroded parts of a planar conductor (see, for instance, 19]) or planar crack detection in nonferrous metals via electromagnetic measurements (see 21] ) and, more generally, can be seen as a boundary determination problem. For previous results see also 9, 11] . A stability estimate in the case of a homogeneous conductor has been obtained in 12] . Concerning stability see also 16] .
In this paper we systematically study these problems under minimal regularity assumptions on the body , the background conductivity A and the defects, limiting our analysis to the 2-dimensional case.
We shall assume that is a Lipschitz, bounded, simply connected domain and the conductivity is a bounded and measurable tensor A which satis es an uniform ellipticity condition, that is we assume the conductor could be neither homogeneous nor isotropic. A defect will be a closed connected set. It will be called boundary defect if it hits the boundary and interior defect or interior crack otherwise. Boundary defects will be subdivided between surface-breaking cracks, if the contact set of the defects with the boundary is a single point, and material loss defects, if the contact set is a subarc of @ .
We shall consider two di erent kinds of inverse problems. The multiple crack problem is the determination of a collection of surface and interior perfectly insulating cracks from electrostatic boundary measurements. In this case we assume no knowledge of the location of the surface tips of the cracks. In Section 2, Theorem 2.1, we shall prove that two suitably chosen measurements are su cient (and necessary) to determine the multiple crack.
The material loss defects determination problem consists in the following. We assume that the boundary of can be decomposed into two simple arcs, ? 1 and ? 2 , one of which, say ? 1 , is accessible. We want to determine a possibly present material loss defect and we assume that we a priori know that the contact set of with @ is contained in ? 2 . Then we can decompose the boundary of n into two simple arcs one of which is ? 1 , and therefore is known and accessible, and the other, which we shall call ?, depends on and is unknown. On ? the electrostatic eld is insulated. In Section 2, Theorem 2.6, we shall prove that, by assigning a suitable current density on ? 1 , the measurement of the corresponding potential on a subarc of ? 1 determines uniquely ? and hence . As it has already been observed, see for instance 1] and 12], the inverse problems we are considering are severely ill-posed. Hence, in order to obtain a stability estimate we have to impose further a priori conditions on the data, i.e. on the domain, the background conductivity and the admissible defects.
In Section 3 we shall deal with the stability issue. We shall assume essentially minimal regularity assumptions on the data. In particular we shall assume no additional restriction on the background conductivity.
First of all, we shall prove, Theorem 3.1, a stable determination of a single surface-breaking crack, when the crack is known to be a Lipschitz curve reaching the boundary at one of its endpoints. We assume that the surface tip of the crack is unknown and can be located at any point of @ . We recall that for a single interior crack a stability estimate has been produced in 8].
Then we shall study the material loss defect determination problem. We suppose that the domain to be found, due to the material loss, is a priori known to be Lipschitz and we obtain, Theorem 3.6, a stability estimate on the dependence of the material loss from the boundary measurement.
The modulus of continuity of the dependence of the crack (or of the material loss defect) from the data is very weak, indeed of log-log type. Imposing further regularity assumptions on the domain and the unknown defects, for instance C 1; instead of Lipschitz continuity, these estimates can be slightly improved, see Remark 5.3 , in order to obtain a log type continuous dependence of the defects on the boundary measurements. We remark that no further regularity assumption on the background conductivity is required and the estimates in this case should be nearly optimal given the explicit examples of instability produced in 3].
In Section 4 we shall consider the determination of a single linear surfacebreaking crack in a homogeneous conductor and we shall prove some Lipschitz stability estimates.
We shall consider two di erent cases. In the rst one, in practice, we shall assume that we know exactly the surface tip of the crack. In this case we need the measurement of the Cauchy data only on a subarc of @ . For this case in 10] there is a local Lipschitz stability result but no estimate either on the Lipschitz constant or the radius of the ball where this Lipschitz stability occurs. Instead, in this paper we obtain a global Lipschitz stability result and the Lipschitz constant depends on the a priori data only. In the second case we drop the assumption on the knowledge of the surface tip but, in order to obtain a Lipschitz stability result, we need the Cauchy data on the whole boundary of .
We want to recall that for interior linear crack a Lipschitz stability estimate has been obtained in 4] .
In Section 5 we collect some further stability results which can be easily obtained by the techniques developed in the preceding sections of this paper and in 8]. We conclude with a remark on the possibility to improve the stability estimates so far proved in order to obtain essentially optimal estimates, see Remark 5.3. The results brie y outlined in this remark will be developed in detail in a forthcoming paper.
Uniqueness results
In this section we collect some uniqueness results for the determination of cracks or material loss defects.
Throughout this section will be a simply connected bounded domain whose boundary @ is Lipschitz, i.e. @ is locally the graph of a Lipschitz function. The background conductivity in will be denoted by A, where A = A(z), z 2 , is a 2 2 matrix with real valued bounded measurable entries which satis es, for given ; > 0, (2.1)(a) A(z) j j 2 for every 2 R 2 and for a.e. z 2 ; (2.1)(b) ja ij (z)j for every i; j = 1; 2 and for a.e. z 2 .
A defect in will be, by de nition, a closed continuum contained in such that n is a connected open set. We recall that a continuum is a connected set with at least two points.
We say that is an interior defect, or interior crack, if \ @ = ; and a boundary defect if \ @ 6 = ;. If is a boundary defect then we denote surface point of any point belonging to @ \ .
A boundary defect will be called a surface-breaking crack (for short surface crack) if \ @ = fPg. It will be called a material loss (boundary) defect if \ @ is a subarc of @ . Remark that by this de nition if is a material loss defect then \ need not to be connected.
Multiple crack determination
We call a multiple crack a collection, possibly empty, of nitely many pairwise disjoint cracks. We allow that in this collection both interior and surface cracks could be present at the same time. where denotes the outer unit normal. If a crack (or respectively ) reduces locally to a simple curve, then by @ (@ ) we mean either side of ( ).
The precise weak formulation is: to nd u i 2 W 1;2 ( n ) satisfying It is easy to show that the weak solution to (2.4) exists and it is unique up to an additive constant.
We state the following uniqueness result. The existence of the stream function is straightforward in the case of smooth data and, by passing to the limit, we obtain also the existence of the stream function v associated to u. Besides, this approximation technique will be useful for the study of geometrical critical points of u and v. In fact, by the continuity property of the geometric critical points, it will be enough to evaluate the number of critical points in the regular case. Let u k be the weak solution to (2.4) with the current ux replaced by k . Then u k is uniformly bounded in W 1;2 ( n ) and we can prove that u k converges to u in W 1;2 ( n ). We x k 2 N. Let n j be a decreasing family of interior defects whose boundary is smooth (at least Lipschitz), such that j n j B 1=n ( j ).
Let n j be a decreasing family of boundary defects whose boundary is smooth (at least Lipschitz), such that j n j B 1=n ( j ) and n j \ @ B 1=k (z j ).
Let us call n = n 1 n N n 1 n M ; the construction of n j and n j can be done in such a way that n j and n j are pairwise disjoint and n = n n has a Lipschitz boundary.
So n is a sequence of smooth open sets invading n .
Let (@ n ) 0 be the external connected component of @ n . (@ n ) 0 is composed by arcs of @ and by the the part of the boundary of n j which is contained in . We de ne n k as a function on (@ n ) 0 coinciding with k on @ and extended to zero outside.
Let n k be as usual the antiderivative of n k along (@ n ) 0 . We have that n k coincides with k on @ \(@ n ) 0 and it is constant on any connected component of (@ n ) 0 n@ . Let u n k 2 W 1;2 ( n ) be the weak solution to: Since the norm of u n k in W 1;2 ( n ) are bounded for any n by an uniform constant we have that u n k converges weakly in W 1;2 loc ( n ). By Caccioppoli's inequality we can prove that the convergence is indeed in the strong sense in W 1;2 loc ( n ). We x also n 2 N. Let A l be a sequence of smooth matrices satisfying (2.1), with constants =2 and 2 , such that A l ! A in L p , as l ! 1, for any p < 1.
Let u n k;l be the weak solution to (2.13) when A is replaced by A l . By the uniform ellipticity bound on A l , we have that u n k;l converge to u n k in W 1;2 ( n ).
In the smooth case, i.e. for u n k;l it is known (see for instance 5] and the references therein) that there exists a global stream function v n k;l 2 W 1;2 ( n ) related to u n k;l and v n k;l solves in a weak sense Let k ! 1. By the same property on u k we obtain that v k converges strongly in W 1;2 ( ) to a function which will be called v. v is the stream function associated to u and satis es in the weak sense (2.12).
Proposition 2.4 Let u be a solution to (2.11) and let v be its stream function.
We have that neither u nor v have geometric critical points inside n .
Proof. By the continuity property of the index of geometrical critical points and the approximation procedure used in the proof of Proposition 2.3 it is enough to prove the proposition in the smooth case. Then the thesis can be obtained as in the proof of Proposition 3. We show that @G @ ( n 0 ) Let us assume by contradiction that there exists a continuum in 0 n contained also in @G\ . On this , v i = v 0 i = const: for every i = 1; 2. We may suppose that this constant is zero for both i = 1; 2. Let P be a xed point in , let D be a disk centered at P with su ciently small radius such that D n and let P n be a sequence of points converging to P, di erent from P and contained in D \ . We may assume that u i (P ) = 0 for every i = 1; 2. For any n we may nd a n and b n , a 2 n + b 2 n = 1, such that g n = a n (u 1 +iv 1 )+b n (u 2 +iv 2 ) vanishes at P and P n . We may assume a n ! a 0 and b n ! b 0 . Let g 0 = a 0 (u 1 + iv 1 ) + b 0 (u 2 + iv 2 ).
We have I(P; g n ) 1 and I(P n ; g n ) 1 and by the continuity property of the number of critical points we deduce I(P; g 0 ) 2 and hence P is a critical point for g 0 and this fact contradicts Proposition 2.4.
Hence @G is contained in @ ( n ) 0 . So, since G is a connected set contained in n whose boundary is contained in @ , we have G = n . By replacing with 0 we have G = n 0 , hence = 0 .
Material loss defect determination problem
Let be a simply connected bounded Lipschitz domain and let A be a 2 2 matrix satisfying (2.1).
Let us decompose @ into two internally disjoint simple arcs ? 1 and ? 2 . We assume that is either empty or a material loss defect such that @ \ is contained in ? 2 . Remark that in particular this implies that also n is simply connected.
Remark 2.5 We wish to remark that even if is a continuum, \ can be disconnnected. In fact in the de nition of material loss defect we do not impose that the surface points of should be adherent to \ . Hence in the material loss defect determination problem we could suppose without loss of generality \ @ = ? 2 . In fact our aim is to determine the domain n and in particular the unknown part of its boundary which is ? = @( n )n? 1 :
We prescribe the current density on the boundary as a non trivial function It is clear that the weak solution to this problem exists and it is unique up to an additive constant. Theorem 2.6 Under the previously stated assumptions, let and 0 be two material loss defects de ned as before. Let satisfy (2.17). Let u be the solution to (2.18) and let u 0 be the solution to the same problem where is replaced by 0 .
Let ? 0 be a simple arc of positive surface measure contained in ? 1 .
If we have that u = u 0 on ? 0 in the weak sense, then n = n 0 . Let u be the solution to (2.18 So we have that the boundary of G is contained in the union of @ with \ 0 . G is a connected set contained in n , whose boundary is contained in @ . If G is strictly contained in n then there would be a part of its boundary which is internal to n and this is a contradiction. Hence G = n .
By the same argument we have G = n 0 , and so the thesis follows.
Stability results
In this section we consider the stability issue for the determination of a single surface crack or material loss defects.
If is a simple curve (which could be even closed) and z 0 , z 1 are two points of we de ne length (z 0 ; z 1 ) the length of the smallest arc in connecting z 0 to z 1 .
If is a simple curve, r is a positive number and z belongs to we say that \ B r (z) is a Lipschitz graph with norm M if there exists a system of cartesian coordinates (x; y) with origin in z, with respect to which one has \ B r (z) = f(x; y)jy = (x); x 2 + y 2 < r 2 g; where is a Lipschitz function on ?r; r] and k 0 k L 1 (?r;r) M. We remark that from the prior information on , (3.1), we can nd a constant M 1 depending on L, and M only such that for all z 0 , z 1 belonging to @ the following inequality holds length @ (z 0 ; z 1 ) M 1 jz 0 ? z 1 j: (3.2) Prior information on the conductivity Given , > 0, let A = A(z), z 2 , be a 2 2 matrix with bounded measurable entries which veri es (2.1).
Prior information on the crack
A surface crack in will be a simple, open curve in . We denote as V 1 and V 2 its endpoints and we prescribe that We remark also that there exists a constant M 3 depending on L, and M only such that for all z 2 we have dist(z; @ ) M 3 minf =2; jz ? V 1 jg: (3.5) Prior information on the boundary data The set of constants L, M, , H, and will be referred to as the a priori data. We state the following stability result.
Theorem 3.1 Under the previously stated assumptions let and 0 be two surface cracks. Let u i be the solutions to (3.10) and u 0 i the solutions to (3.10) where is replaced by 0 .
Let ? 0 be a simple arc whose length is greater than contained in @ . where !(") is a positive function on (0; +1) that veri es !(") K(log j log "j) ? for every "; 0 < " < 1=e:
(3.13)
Here K and are positive constants depending on the a priori data only.
Here d H denotes the Hausdor distance. We recall that the Hausdor distance between bounded closed sets and 0 is given by d H ( ; 0 ) = max sup To prove Theorem 3.1, rst of all, we shall obtain an estimate on the distance between the surface points of the two cracks, V 1 and V 0 1 . Such an estimate will be obtained by the following two lemmas.
We shall need the following construction. Here and in the sequel we say that is a bi-Lipschitz mapping if it is a homeomorphism such that and its inverse belong to W 1;1 .
Lemma 3.2 Let be a simply connected bounded open set which veri es (3.1) and let be a surface crack in which satis es (3.3). Then there exists a sensepreserving bi-Lipschitz map from n onto B 1 , such that the W 1;1 norm of and its inverse are dominated by constants depending on the a priori data only.
Proof. See 8] for an analogous procedure.
We denotef = f ?1 . We can apply tof the representation theorem by Bers and Nirenberg, 14, page 116], and we obtain thatf = F 1 where 1 is a homeomorphism from B 1 onto itself such that 1 and its inverse are H older continuous, with constants depending on the a priori data only and F is holomorphic. Let us set F = U + iV . By (3.9) and classical results of regularity theory we obtain that V is H older continuous up to the boundary of B 1 . By an application of Privalo 's Theorem (see e.g. 13, Part II, Chapter 6, Theorem 5, page 279]) we have that also U is H older continuous up to the boundary of B 1 .
By this property, by the regularity of and 1 , and by the fact that v is constant on , we have that v is H older continuos on with constants depending on the a priori data only and u is locally H older continuous in the following quantitative sense: u is H older continuous, with constants depending on the a priori data only, with respect to the geodesic distance in n (see 1, De nition 2.1] for a rigorous de nition of the geodesic distance in a domain with a cut). Then we have that dist(z; @( n )) C 1 (1 ? v(z)) 1 for any z 2 ;
(3.14)
where C 1 and 1 depend on the a priori data only.
Proof. We have that F is H older continuous up to the boundary, with constants C 2 and 2 depending on the a priori data only.
We have that 0 V 1 and both 0 and 1 are attained by V on the boundary of B 1 .
Let 0 < r < We can nd r 0 , 0 < r 0 < 1 depending on the a priori data only such that C 2 r 2 1=2. Without loss of generality we restrict our analysis to the case r r 0 . For these r we have that m(r) 1=2 M(r). Let us consider the smooth curves which are contained in n( 0 ) such that the rst endpoint is contained in ? 0 , they coincide with l for a length of at least h and thereafter are distant more than M 4 h from the boundary. Let 0 be the curve obtained subtracting from the linear part of length h near the boundary. We say h-tube the M 4 h neighbourhood of such curve 0 .
We say that z is h-accessible if it belongs to the closure of an h-tube contained in n( 0 ). We de ne G h as the set of h-accessible points of G. ; (3.16) with constants C 3 , D, E and 3 depending on the a priori data only.
By the a priori information on the crack and the hypothesis that jV 1 ?V 0 1 j =4 we have that there exists a constant C 4 , 0 < C 4 < 1 depending on the a priori data only, such that, if we denote 2 = C 4 , then for any z 2 \ B 2 (V 1 ) and any h 2 there exists a point in G h whose distance from z is bounded by C 5 h where C 5 depends on the a priori data only.
By H older continuity of the two solutions we have that (3.16) holds for any h 2 and for any z 2 \ B 2 (V 1 ) (hence, by simmetry, also for any z 2 0 \B 2 (V 0 1 )), possibly with constants which are di erent but still depending on the a priori data only.
This implies that for any of these z we have jv(z) ? v 0 (z)j (") (3.17) where (") is a positive function on (0; +1) that veri es (") C 6 (log j log "j) ? 4 for every "; 0 < " < 1=e: So we have that dist(z; @( n 0 )) C 1 (") 1 .
Let p = dist(z; 0 ). Hence either p C 1 (") 1 or dist(z; @ ) C 1 (") 1 . Let us take " 1 such that C1 M3 (" 1 ) 1 < 2 =4. Clearly " 1 depends on the a priori data only. Let " " 1 and let us take z 2 such that jz ? V 1 j = 2 C1 M3 (") 1 . By (3.5) we have that dist(z; @ ) 2C 1 (") 1 so we have that p C 1 (") 1 . Then immediately we deduce that if " " 1 then dist(V 1 ; 0 ) 3C 1 (") 1 and, by (3.3), this means that jV 1 ? V 0 1 j is less than C 7 (") 1 , C 7 depending on the a priori data only.
We conclude that if " " 1 , then either
The latter fails to hold provided " " 2 , with " 2 such that C 7 (" 2 ) 1 < =4.
Since " 2 depends on the a priori data only, taking " 0 = minf" 1 ; " 2 g the thesis is proved.
By this Proposition, without loss of generality, we can assume that jV 1 ?V 0 1 j =4. This a priori bound on jV 1 ? V 0 1 j allows us, by (3.6), to nd such that j ?2 = 1. In particular this implies that vj = v 0 j 0 = 1.
With such a , we shall obtain a stability estimate for the interior values of jv ? v 0 j. Let where j j + j j k < 1.
In the following proposition we estimate jZj on in terms of ". where (") is a positive function on (0; +1) that veri es (") C 8 (log j log "j) ? 5 for every "; 0 < " < 1=e:
Here C 8 and 5 are positive constants depending on the a priori data only. Proof of Theorem 3.1. Let z 2 and let p = dist(z; 0 ). We choose in order to have that j ?2 = 1.
By Proposition 3.5 and Lemma 3.3 we have that dist(z; @( n 0 )) C 1 (") 1 .
Hence either p C 1 (") 1 or dist(z; @ ) C 1 (") 1 .
In this second case, for " " 0 , " 0 > 0 depending on the a priori data only, we have that z 2 B =2 (V 1 ). Let us assume jz ? V 1 j > C1 M3 (") 1 . Then by the a priori information on we have that dist(z; @ ) > C 1 (") 1 and so we obtain that p C 1 (") 1 .
Hence there exists a constant C 12 such that for any z 2 we have dist(z; 0 ) C 12 (") 1 .
Material loss defect determination
Prior information on the domain and the conductivity
We assume, as before, that satis es (3.1) and A satis es (2.1).
Prior information on the material loss defect Prior information on the boundary data Given H > 0, let 2 L 2 (@ ) such that ' for every ' 2 W 1;2 ( n ):
The set of constants L, M, , H, and will be referred to as the a priori data.
We have the following result. hence we have indeed estimated the error on the determination of the unknown boundary.
Proposition 3.8 Let and satisfy the a priori information. Then there exists a bi-Lipschitz mapping between n and B 1 which satis es, with its inverse, uniform H older conditions depending on the a priori data only.
By this Proposition we prove an analogous result of Lemma 3.3. Then it su ces to have an estimate for the Cauchy type problem and this can be done as before. In fact we notice that we already know that vj = v 0 j 0 = 1 and this allows us to avoid the two step procedure as in the crack case.
Hence we have that for any z 2 either dist(z; ? 2 ) !(") or dist(z; 0 ) !(").
Lipschitz stability for linear surface crack
In this section we shall prove some Lipschitz stability estimates for the determination of linear surface crack in a homogeneous conductor.
Given the positive constants , 0 < < 1, L, , 1 , 2 , M and H, let us consider the following a priori information.
Let be a simply connected bounded domain contained in R 2 such that @ is a C 2; simple closed curve which satis es where denotes the unit normal, with the outward orientation when on @ .
We shall obtain the following two results. Theorem 4.1 Under the previously stated assumptions let 0 and 1 be two linear surface cracks whose surface points coincide. Let u i 0 be the solutions to (4.5) and u i 1 the solutions to (4.5) where 0 is replaced by 1 .
Let ? 0 be a simple arc whose length is greater than contained in @ . where K depends on the a priori data only. We denote = i , i as in (4.10)(b), and we drop from now on all the superscripts. In fact the Cauchy data corresponding to this current density are enough to obtain the stability estimate.
In the next proposition we want to describe the behaviour of u 0 along the crack 0 . We shall prove that, at the inner endpoint W 0 , jru 0 j has a singularity of the type z ?1=2 whereas at the surface endpoint V 0 the function u 0 has a jump discontinuity across the crack. Proof. We recall that, as usual, we denote by v 0 the harmonic conjugate to u 0 .
First of all we choose a coordinate system such that V 0 = (0; 0) = 0 and V 1 = (l; 0). Let g(z) = p z. Let 1 = g( n ). 1 is a simply connected domain whose boundary is composed by the segment line s connecting the points P = (? p l; 0) and Q = ( p l; 0) and a C 2; simple curve connecting the same endpoints P, Q.
Letũ 0 (z) = u 0 (z 2 ). At this point we want to note that by u 0 (V ? 0 ) and u 0 (V + 0 ) we meanũ 0 (P ) andũ 0 (Q) respectively.
Since the angle between and s at P and Q can be controlled by known constants we can deform 1 by a bi-Lipschitz function 1 such 2 = 1 ( ) is a domain whose boundary is a C 2; simple closed curve and 1 (z) = z for any z outside suitable neighbourhoods of P and Q. Then by a C 2; conformal mapping 2 we map 2 onto B 1 . Let P 1 and Q 1 2 @B 1 be the image through We set n t = V t ? P t jV t ? P t j :
Consider the cartesian coordinate system such that V 0 = (0; 0) and (V 0 ) = (0; ?1). By the a priori information on , (4.1), there exists a known constant 6 such that @ \B 6 (V 0 ) is the graph of a C 2; function f, i.e. @ \B 6 (V 0 ) = f(x; y) 2 B 6 (V 0 ) : y = f(x)g. By (4.1) and (4.2), in particular by (4.2)(c), we can nd an explicit constant 7 
Other stability results
We state in this section some further stability results which are slight variations of the stability estimates obtained previously in this paper and in 8]. We omit the proofs since the techniques and the arguments used have already been developed in these two papers.
At the end of the section we shall remark how, imposing slightly more restrictive regularity assumptions on the domain and the admissible defects, these kind of stability results can be improved in order to obtain essentially optimal stability estimates.
Recalling Remark 2.2, we show which conditions have to be imposed in order to have a stability estimate for the determination of a single surface crack by one measurement. and let the background conductivity A satisfy (2.1). Let and 0 be two interior cavities contained in such that D and D 0 satisfy (3.1). Let us also assume that the distance of and 0 from @ is greater than or equal to a positive constant .
Let i , i = 1; 2, be current densities satisfying (3.8) . For any i = 1; 2, let u i 2 W 1;2 ( n ) be the weak solution to However, if we assume C 1; a priori bounds on the domain and on the defects, instead of Lipschitz ones, then this rst estimate on the Hausdor distance between the defects coupled with the C 1; bounds gives us additional information about the geometry of the intersection between the two defects, as described in 2] and generalized to C 1; curves in 22]. This allows us to have a log type estimate for the Cauchy type problem involved and hence a log type estimate also for the stability problem. We remark that, in view of Theorem 4.5 in 8], no further regularity assumption on the background conductivity is required.
Recalling 3], the logarithmic type estimate are essentially optimal.
